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leishmaniasis in Morocco
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chikungunya in La Réunion (Indian Ocean)
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Discrete-time models

n(t) =
∞
∑

x=1

K(t, x)n(t − x)

K(t + τ, x) = K(t, x)

R0 u(t) =
∞
∑

x=1

K(t, x)u(t − x)

If τ = 1, R0 is the spectral radius of
∞
∑

x=1

K(x)



Example

p(t + 1) = (T(t) + F(t)) p(t)

R0 is the spectral radius of
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If τ = 1, R0 is the spectral radius of F(I − T)−1



Continuous-time models

n(t) =

∫ ∞

0
K(t, x)n(t − x) dx

K(t + τ, x) = K(t, x)

R0 u(t) =

∫ ∞

0
K(t, x)u(t − x) dx



Example 1

dp

dt
= a(t) p(t) − b(t) p(t)

R0 =

∫ τ
0 a(t) dt

∫ τ
0 b(t) dt

Example 2

dp

dt
= A(t) p(t) − B(t) p(t)

R0 is such that the dominant Floquet multiplier of

dp

dt
=

A(t)

R0
p(t) − B(t) p(t)

is equal to 1.



Example 3

K(t, x) = (1 + ε cosωt)k(x)

R0

k0
− 1 = 2ℜ

ε2/4

R0

k1
− 1 −

ε2/4

R0

k2
− 1 −

ε2/4

· · ·

kn =

∫ ∞

0
e−niωx k(x) dx

R0 ≃
ε→0

k0 +
ε2

2
ℜ





k0 k1

k0 − k1







Warning 1: resonance of R0 (SEIR)
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Warning 2: large epidemics possible when R0 < 1 and

initial seed at the right time and not too small (SIR)
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Warning 3: final size may not increase with R0 (SIR)

time t

R(t)

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

R0=2
R0=2.5



Warnings 2 and 3: summary (SIR)

I(t0) = 10−3 I(t0) = 10−6
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Warning 4: endemicity if R0 > 1 can be unrealistic (SIRS)
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Related concept: the Malthusian parameter

p(t + 1) = A(t) p(t)

p(t) ≃
t→∞

c λt r(t)

λ is the spectral radius of
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(ℓ(0), . . . , ℓ(τ − 1)) left-eigenvector

(r(0), . . . , r(τ − 1)) right-eigenvector



∂λ

∂Ai,j(t)
=

ℓi(t + 1) rj(t)

τ 〈ℓ(0), r(0)〉

〈ℓ(t), p(t)〉 = λt〈ℓ(0), p(0)〉

〈ℓ(t), r(t)〉 = 〈ℓ(0), r(0)〉

πi(t) =
ℓi(t) pi(t)

λt〈ℓ(0), p(0)〉
, ωi(t) =

ℓi(t) ri(t)

〈ℓ(0), r(0)〉

t 7−→
st
∑

i=1

πi(t) log
πi(t)

ωi(t)
is decreasing to 0
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R0 in models with heterogeneous contact rates

Distribution of the number of commercial sex partners for 407

adult males and 403 female sex workers in Yunnan (China)

standard
mean deviation

adult males (last 12 months) 1.0 2.2

sex workers (last week) 3.0 4.1



Let F(x) be the distribution of contact rates x > 0.

Anderson/May: R0 ∼ 〈x2〉/M = M + V/M

(M mean, V variance)

The probability of having k partners over a fixed time span t is

a mixed Poisson distribution:

fk(t) =

∫ ∞

0
e−xt(xt)k

k!
F(x)dx

⇒ m = t M , v = t2V + m

⇒ M + V/M = (m + v/m − 1)/t

N.B., X. Abdurahman, J. Ye, P. Auger: On the basic reproduction
number R0 in sexual activity models for HIV/AIDS epidemics: Example
from Yunnan, China. Math. Biosci. Eng. (2007)


